This investigation provides a mechanistic background to mechanical property extractions performed from single-crystal microhardness measurements. The analysis concerns both spherical and sharp (pyramidal) indentations. We show that the uniaxial stress-strain curves inferred from hardness measurements in single crystalline units of material are coincidental with those attained under true uniaxial loadings along specific crystalline orientations. Landmark hardness relations that were originally developed for power-law strain hardening polycrystalline aggregates are extended to single-crystal indentations. Mechanical property extractions in crystals violating powerlaw hardening because of a marked critical resolved shear stress and/or extreme strain hardening saturation are subsequently addressed. The analysis is pertinent to the assessment of multipleglide deformation stage-II and strain hardening saturation stage-III of cubic single crystals from indentation experiments.
Introduction
A central line of work in the analysis of microindentation experiments concerns extraction of the uniaxial stress-strain curve of a small material volume. A fundamental limitation in such mechanical property extractions is that well-established classical correlations between the indentation hardness and the uniaxial behavior concern polycrystalline aggregates (e.g., Hill et al., 1989; Giannakopoulos et al., 1994; Biwa and Störakers, 1995; Dao et al., 2001; Larson, 2001; Mata et al., 2002; Casals and Alcalá, 2005) . Therefore, our current knowledge is strictly limited to the analysis of indentation experiments where the imprint encompasses a number of randomly oriented crystals in a polycrystal, rather than to the more relevant case in microindentation testing where the imprint is embedded within a single crystalline unit.
Dislocation gliding in single crystals may become active along a single slip system, resulting in mild hardening (stage-I), or in multiple systems where marked strain hardening is favored (stage-II). As the latter prevail during indention testing, this tool can be potentially used to assess the cross-hardening (multiple-glide) behavior of the crystal as well as its strain hardening saturation response occurring at larger strain levels. Continuum crystal plasticity has become a powerful scheme in describing single-crystal deformation responses under a variety of loading configurations including indentation (e.g., Eidel and Gruttmann, 2007; Liu et al., 2008; Alcalá et al., 2008; Casals and Forest, 2009; Chang et al, 2010; Zambaldi and Raabe, 2010; Saito et al., 2012; Alcalá and Esqué-de los Ojos, 2012) . Hence, this modeling framework could be instrumental in the development of novel methodologies for the assessment of single-crystal uniaxial responses from microhardness measurements.
In addition, continuum mechanics analyses of material size-effects in microindentation experiments can be performed through non-local plasticity models that represent natural extensions of strain-gradient plasticity (e.g., Abu Al-Rub, 2007; Faghihi and Voyiadjis, 2012) .
Such size effects become experimentally manifest as an increase in hardness at smaller applied 2 loads. The analyses account for both statistically stored dislocations, SSDs, and geometrically necessary dislocations, GNDs, where the latter are computed from the strain gradients using Nye's lattice curvature tensor (Evers et al., 2004; Kysar et al., 2007) . The results are not however pertinent to the extraction of the uniaxial stress-strain curve of the indented crystal because strain gradients are essentially absent under uniaxial pulling. Moreover, experimental evidences appear to be available indicating that (i) the GND density does not account for the increase in hardness at small scales (Kiener et al., 2006; Rester et al., 2008(a) ; Rester at al., 2008(b) ; McLaughlin and Clegg 2008; Demir et al., 2009 ) and (ii) measured size-dependent spherical indentation responses defy analyses from strain-gradient plasticity (Spary et al., 2006; Zhu et al., 2008) . A fundamental understanding to indentation experiments can also be gained through molecular dynamics simulations. These simulations however concern nanoscopic indenter tips, where the inception of plasticity is fundamentally associated with twin/dislocation nucleation phenomena at extremely large hardnesses (see, e.g., Ward et al., 2009; Chang et al., 2010; Engels et al., 2012; Alcalá et al., 2012) . Such incipient plasticity responses are not therefore pertinent to the majority of microindentation experiments, where plastic flow is due to mobilization and multiplication of preexisting dislocations.
The main objective of this work is to investigate whether the uniaxial stress-strain curve of a cubic crystal along specific orientations is coincidental with that inferred from hardness measurements. Based on these results, we intent to furnish a mechanistic background extending classic contact mechanics interpretations to hardness testing into the extraction of single-crystal deformation stages-II and III. In doing so, we employ computational simulations with continuum crystal plasticity in conjunction with analyses performed under the J 2 -flow plasticity theory for a coarse-grained isotropic polycrystal.
3 2 Material models and computational simulations
Continuum crystal-plasticity
This work is lain upon crystal plasticity models providing parallels with the limiting rigidpower-law strain-hardening (Section 2.2) and elastic-perfectly-plastic (Section 2.3) material behaviors, which have been extensively used in contact mechanics interpretations of polycrystalline indentation experiments.
Crystal plasticity simulations rely on Schmid's law to govern onset of plastic flow. The following rate-dependent formulation for the shear strain rates is therefore assumed in this
where
is the instantaneous critical shear strength triggering dislocation glide in any given set of the 12 {111} 110 slip systems (α = 1 to 12); τ (α) andγ (α) are the shear stress and shear strain rates, respectively, acting on that set of active systems; andȧ and m are material constants at fixed temperature. The strain hardening law, dictating the increase in τ (α) c with deformation, takes the form (Asaro, 1983) 
where h αβ is the hardening matrix describing the interaction between dislocations gliding in primary (α) and secondary or forest (β) systems, andτ
is computed from the initial critical shear strength τ • producing dislocation glide in the crystal. Matrices h αβ used in the present investigation are described in Sections 2.2 and 2.3 along with the associated stress-strain curves.
A review of the kinematics of crystalline deformation can be found in Asaro and Rice (1977) . First, the deformation gradient F is decomposed into plastic F p and composite elastic and residual lattice rotation F ⋆ , so that
4 Velocity gradient tensor L is then given by
where D is the rate of deformation tensor and Ω is the rate of spin tensor, both decomposed as in the above, and superscript ⋆ denotes axes that follow crystalline rotation. It is then found that
is the slip direction vector and m ⋆(α) = m (α) · F ⋆−1 is the slip plane vector both following crystalline stretching and rotation.
The Kirchhoff stress tensor τ and the Jaumann rate of this tensor ▽ τ are used in the formulation of large-strain theories. Hence, the early elastic response obeys
where C is the elasticity tensor. Following the derivations in Asaro and Rice (1977) , the increase in critical shear strength is finally given bẏ
2.2 Hardening models for pure fcc single crystals
The Bassani and Wu (BW) hardening model (Bassani and Wu, 1991) and the modified version to this model (Alcalá et al., 2008) were used to simulate the indentation response of pure fcc crystals with vanishing critical resolved shear stress τ • . The prime differences between the two BW-based models are that (i) the modified version predicts experimentally measured responses for pure copper crystals -see the experiments in Franciosi, 1985, overimposed in A concise description of the models is given in the following. In both BW models, the hardening matrix adopts the form
where the parameters used in the original model are given in Table 2 from Alcalá et al., 2008. In Eq. (7), the first term at the right hand of h αα accounts for self-hardening and the second term at the right hand incorporates cross-hardening where the sum is performed for slip systems β = α. The first term rapidly approaches h I with increasing shear strain γ (α) . Subsequently, the hyperbolic tangent in the second term governs the initiation of cross-hardening, marking the onset of deformation stage-II. Another important feature in Eq. (7) is matrix f αβ that measures the relative strength of dislocation interactions.
Eq. (7) was revisited in the modified version of the BW model, providing a more robust background to investigate plastic deformation in pure fcc metals (Alcalá et al., 2008; Alcalá and Esqué-de los Ojos, 2012) . Adjustments were introduced involving the self-hardening (first) and cross-hardening (second) terms in Eq. (7). In doing so, a stronger connection was stablished between the increase in shear stresses in slip system α and the increase in dislocation density in all secondary β systems where the dislocations act as forest obstacles. The following relations were advocated
and
where ρ (β) is the dislocation density of the forest slip systems, µ is the shear modulus, b is the Burger's vector and matrix κ αβ gives the strength of the different junctions that arise because of dislocation interactions (e.g., see Kubin et al., 2008) . Updating of dislocation densities in 6 slip systems α = 1 to 12 is then performed through (Tabourot et al., 1997) 
All parameters in the modified BW model are reported in Table 3 from Alcalá et al., 2008 .
Hardening models for alloyed fcc single crystals
The model by Peirce, Asaro and Needleman (PAN) was also used in this work, where it is taken to represent the single-crystal equivalent to the elastic-plastic material description gradually approaching the limit of perfect plasticity (i.e., negligible hardening). This model reproduces the uniaxial behavior of aluminum-copper crystals that exhibit non-vanishing critical resolved shear stress τ • (Peirce et al., 1982) . The hardening matrix is written as
The parameters given in Table 1 from Alcalá et al., 2008 were used in the present simulations with the PAN model.
The main features from this model are summarized in that deformation stage-I is unaccounted in Eq. (11), where a strong decay in hardening rate setting deformation stage-III is also prescribed by the hyperbolic secant ( Fig. 1(b) ). Parameter q is key in governing strain hardening under multiple glide. Cross (latent) hardening vanishes at q = 0, latent and selfhardening become the same at q = 1, and latent-hardening finally prevails at q > 1. Hence, q = 0 sets perfect-plasticity in the interaction of multiple slip systems. At small uniaxial plastic strains (ǫ < 0.04 in Fig 
Polycrystalline plasticity
The J 2 -flow plasticity theory was employed in modeling polycrystalline indentation. Such a coarse-grained plasticity theory is suitable in reproducing the indentation behavior of an isotropic polycrystalline aggregate. The simulations are thus taken to reproduce experimental indentation responses where the imprint probes a sufficiently large number of grains. Following McMeeking and Rice (1975) , the large-strain formulation of the Prandtl-Reuss equations in the J 2 -flow theory can be written as
where S = σ − 1/3(I : σ) · I is the stress deviator, σ is the Cauchy stress tensor, σ e = 3/2 (S : S) is the Von Mises stress, G is the shear modulus G = E 2(1+ν) , E is the Young's modulus, ν is the Poisson ratio, and tangent modulus E T is the instantaneous slope of the true uniaxial stress (σ)-total true uniaxial strain (ǫ) curve.
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The piecewise elastic-power law plastic relation was further assumed
where ǫ is the sum of elastic and plastic uniaxial strains ǫ e and ǫ p , respectively; and n is the power-law strain hardening coefficient. Invoking continuity between the elastic and plastic branches of Eq. (14), σ • correlates with yield strength σ ys through
Notice that the generic form σ = σ • ǫ n in Eq. (14) also describes rigid-strain hardening responses in the absence of linear elasticity, where Eq. (15) is rendered invalid as σ ys → 0.
Finite element simulations
Finite element (FE) simulations were performed for spherical and pyramidal (Berkovich) indentations of polycrystals and single-crystals with the (001), (011) and (111) surface orientations.
The three-dimensional cylindrical mesh whose cross-sectional view is shown in Fig The uniaxial stress-strain curves were modeled with a single brick-shape element. The 9 bottom surface of the element was allowed to slide and to rotate freely along a fixed nodal point during the application of uniform displacement at its top surface. The simulations, performed for each of the crystal plasticity models, were conducted by systematically orienting the element along 231 locations within the Lambert azimuthal equal-area projection.
3 Discussion
Extracting mechanical properties from single-crystal spherical hardnesses
Mechanical property extractions from polycrystalline spherical indentations have long been based on the landmark hardness relation by Tabor (e.g., Tabor, 1951) 
wherep is the hardness, a is the contact radius, D is the diameter of the indenter, projected contact area A = πa 2 , P is the applied indentation load, and σ • and n are the sought-after uniaxial plastic properties of the material (Eq. (14)). A theoretical background for Eq. (16) was provided by Hill et al., (1989) based on plastic-similarity analyses, where the strict values of 2.8 and 0.4 were further found through J 2 -flow FE simulations (Biwa and Störakers, 1995; . Since linear elasticity is neglected in Eq. (16), this relation becomes the asymptotic bound for fully-plastic indentations performed in isotropic polycrystalline aggregates. These polycrystals fulfill general power-law hardening
where the correlation in Eq. (15) is obviously invalid in the limit of σ ys → 0.
Irrespectively of surface orientation, Eq. (16) fits the hardness evolutions from the BW models given in Fig. 3(a) . The n value obtained from the slope of the lnp vs ln(a/D) plot along with the value of σ • measured from the intersection of this logarithmic representation with the lnp (vertical) axis are given in Table 1 . It is noticed that the entire hardness evolutions from small to large levels of a/D are fitted with unique values of n and σ • . Moreover, Fig.   3 (a) illustrates that the crystal plasticity simulations provide close bounds to the experimental 10 results by Lim and Chaudhri (1999) for pure copper.
The hardness evolutions from the PAN model are also insensitive to surface orientation ( Fig. 3(b) ). Neverthless, the values of n and σ • inferred from Eq. (16) vary depending on the range of a/D. For 0.07 < a/D < 0.13, n = 0.2 and σ • = 590 MPa are found from the above logarithmic data fit (Table 1 ). This is due to the fact that at a/D < 0.07, Eq. (16) The general methodology proposed in Flow Chart 1 from Alcalá and Esqué-de los Ojos (2010) is thus pertinent here, as it enables mechanical property extractions in both the transitional elasto-plastic and the fully-plastic regimes. For the PAN model at q = 1.2 and a/D < 0.13, the methodology provides nearly identical values of n and σ • as those reported above for the fully-plastic range of 0.07 < a/D < 0.13. Table 1 also gives the inferred properties from this methodology for the PAN model with q = 0 (a/D < 0.07 in Fig. 3(b) ). As expected, q → 0 produces negligible cross-hardening, so that the inferred n decreases from n = 0.2 for q = 1.2 to n = 0.1 for q = 0.
Perfectly-plastic polycrystals with n = 0 deforming through J 2 -flow plasticity exhibit a gradual decrease in hardness with increasing a/D (Alcalá and Esqué-de los Ojos (2010)). Similar results are found for the PAN model, indicating that passed a certain penetration of the spherical tip, the contact response is dominated by the strain hardening saturation stage-III behavior in the crystal (see Fig. 3(b) for a/D > 0.07 at q = 0 and a/D > 0.13 at q = 1.2).
Such an indentation behavior is thus amenable to analysis through Ojos (2010))p
where σ s is the uniaxial (cut-off) stress marking strain hardening saturation (perfect-plasticity).
Linear fitting of the decreasing hardness evolutions from the PAN model in Fig. 3(b) yields σ s = 360 MPa and 215 MPa for q = 1.2 and 0, respectively (Table 1) .
The experimental scatter in spherical microindentations performed in the present sizeindependent length scale (i.e., for D > 400µm) may be as large as ±30% for a/D < 0.05
(mechanically polished surfaces with colloidal silica finish). Experimental variability however decreases to less than, say, ±5% at greater normalized penetrations (Lim and Chaudhri, 1999) .
By performing more than 10 hardness measurements throughout the extended range of 0.05 < a/D < 0.4, the variability in the inferred mechanical properties from the logarithmic data fit to Eq. (16) 
Extracting mechanical properties from single-crystal pyramidal hardnesses
From Tabor's work, the following fully-plastic hardness bound is the equivalent of Eq. (16) for sharp (pyramidal) polycrystalline indentations (Tabor, 1951) 
where σ 0.1 is the uniaxial stress of the indented material at a fixed (representative) uniaxial strain of ǫ = 0.10. Power-law hardening then readily yields σ 0.1 = σ • (0.1 n ). As in the case of spherical indentations, the mathematical structure of Eq. (18) emerges from plastic-similarity analyses (Larsson, 2001) . FE simulations with the J 2 -flow theory then provide C = 2.60 for 12 pyramidal Berkovich indentation (Casals and Alcalá, 2005) , where the fully-plastic bound in Eq. (18) is reached for E/σ 0.1 > 110.
By again drawing a parallel between polycrystalline and single-crystal indentations, the simulated hardnesses from the different crystal plasticity models are inputted in Eq. (18) to extract values for σ 0.1 (Table 2) . As E/σ 0.1 > 110, onset of full plasticity is verified with the inferred properties in Table 1 Table 2 with the spherical hardness at a/D ≈ 0.25 in Fig. 3 for the different crystal plasticity models). This is a useful result that facilitates extraction of single crystal properties from microindentation experiments, where material size effects cease to occur at shallower penetrations with sharp tips than with spherical counterparts. In the event where microindentations are performed in polycrystalline aggregates, size-independent sharp microcontacts are more likely to occur at smaller imprint sizes thus lying within a single grain (i.e., without intervention of grain boundary strengthening). From the above results, it follows that such single crystal pyramidal hardness would be coincidental with a spherical hardness value at a/D ≈ 0.25 hypothetically obtained in the absence of both indentation size-effects and grain boundary strengthening. 
The finding of representative uniaxial orientations
The mechanical properties inferred in Sections 3.1 and 3.2 lack of any fundamental physical meaning. This is because (i) single-crystal indentations are analyzed using hardness relations that are strictly valid for isotropic polycrystals and (ii) cross-hardening depends on the orientation subjected to uniaxial loading, and is conceivably stronger under indentation testing where Figs. 4-7 show the extreme sensitivity of the uniaxial stress-strain curves from the BW and PAN models to 231 pulling orientations in the Lambert azimuthal equal-area projection.
This is a manifestation of the strong dependency of strain hardening to the development of the different orientation-sensitive dislocation junctions.
With the purpose of correlating the properties inferred from indentation to the uniaxial stress-strain curves along specific loading orientations, we have chosen to compare the values of σ 0.1 from Table 1 (spherical indentation) to those from the simulations under uniaxial loads with the different single-crystal hardening models. In doing so, the above 231 orientations were taken to provide sufficient accuracy as the difference between the value of σ 0.1 in any two neighboring orientations in the equal-area projection is always less than 7%.
Figs. 4-7 and Table 3 summarize the main findings from the above analysis. In the modified BW model (Fig. 4) , the marked ellipse of 5 to 7
• misorientations with respect to the [111] pulling axis exhibit less than 10% variations in the value of σ 0.1 as compared to that inferred axis (Fig. 5) . The good agreement in such loading orientations for the two models holds even though the uniaxial behavior from the original BW formulation undergoes a much more stronger strain hardening reduction (see Fig. 5 (b) at ǫ > 0.02). Moreover, notice that whereas a pronounced single-crystal deformation stage-I develops for the modified version of the BW model in the above misorientations (see Fig. 4 (b) at ǫ < 0.015), the subsequent multiple-glide stage-II response rapidly increases hardening rate. Hence, for say ǫ > 0.03 in Fig. 4 (b) , good accord is readily reached between the actual stress-strain curves and the power-law behavior inferred from indentation.
The stress-strain curves extracted from the PAN model gradually depart from the uniaxial responses along the above misorientations (Figs. 6 and 7 ). For q = 1.2, the marked 10 to 15
• misorientations with respect to the [111] axis, that exhibit softer overall stress-strain responses, become in better accord with the inferred behavior from indentation (Fig. 6 ). An increased tendency for a perfectly-plastic indentation regime is herein probed with the PAN model at q = 0. In this case, the accordance between the inferred saturation stress σ s and the actual value measured under uniaxial loads further shifts towards the marked ellipse of 25 to 27
• misorientations in Fig. 7 .
Background to single-crystal mechanical property extractions
Following the above discussion, mechanical property extractions from single-crystal indentations provide representative stress-strain curves that coincide with the uniaxial behavior of the crystal when pulled along particular sets of crystalline orientations. One shall bear in mind that Tabor's hardness relations (Eqs. (16) and (18)) are sustained upon plastic-similarity interpretations in conjunction with J 2 -flow plasticity FE simulations. In these analyses, the indented solid exhibits a power-law (homogeneous) relation between the stresses and the strains where linear elasticity is neglected (Hill et al., 1989; Biwa and Störakers, 1995; Larsson, 2001 ).
Since Eq. (16) fits the entire hardness evolutions from the BW-models in Fig. 3(a) , the above mechanistic rationale can be readily extended to single-crystal indentations.
The symmetry between rigid-power-law plastic polycrystalline and single-crystal indentations thus entails because the BW models are characterized by a vanishing τ • , so that linear elasticity can be neglected, and the stress-strain curves fulfill orientation-sensitive power-law functions. Since J 2 -flow FE simulations conducted with the inferred (representative) uniaxial stress-strain curves (Table 1) reproduce the single-crystal hardnesses in Fig. 3(a) , accuracy of Eqs. (16) and (18) is confirmed.
In contrast to the BW-models, the PAN formulation describes contacts that violate plasticsimilarity because (i) the representative (inferred) stress-strain curve exhibits marked yield strength (leading to the elasto-plastic indentation regime) and (ii) a disruption of power-law hardening occurs at the inferred cut-off stress σ s . When the representative stress-strain curves in Table 1 for the PAN model are used as input for J 2 -flow simulations, the single-crystal hardnesses in Fig. 3(b) are also recovered. [In doing so, the inferred properties are inputted in tabular form including cut-off stress σ s ]. This confirms accuracy of the presently used methodology for mechanical property extractions in the absence of plastic-similarity.
Concerning comparison between the stress-strain curves extracted from spherical and pyramidal indentations with the BW and PAN models, it is noticed that the value of σ 0.1 obtained with both indenter tips vary by an utmost of, say, 15% (compare Tables 1 and 2 ). This is a relatively small variation when considering that the plastic shear strain levels underneath the surface are much more greater in pyramidal than in spherical indentations. Consequently, in the case of the PAN model at q → 0, pyramidal indentation is anticipated to readily probe the strain hardening saturation behavior developing at large strains. This is confirmed as the inferred value for σ 0.1 from Berkovich indentation approaches the saturation (cut-off) value of σ s extracted from spherical indentation (Eq. (17)) at a/D > 0.07 (compare Tables (1) and (2) for q = 0). This is further illustrative in that the assessment of the strain hardening (stage-II) 16 response through spherical indentation in crystals undergoing strong hardening saturation is only feasible at small values of a/D.
An interesting conception emerging from this investigation is that the contact response in plastically-similar indentations (such as those developing in high-purity fcc crystals) can be captured through a homogenized description for the plastic shear strains in the slip systems (Eq. (12)). Power-law hardening is then subsequently enforced with a suitable function for h αβ (γ) (see Eq. (11)). We advocate
because the substitution of Eq. (19) into the formulation forτ hardening (BW models). The latter contacts behave in a plastically-similar (fully-plastic)
way, so that an early linear-elastic response is absent and the inferred (representative) stress-strain curve fits a power-law function as described by Tabor's relations (Eqs. (16) and (18) Cu (111) Franciosi (1985) Cu ( (Franciosi, 1985) and from experiments for Al--3.5% Cu (Carlsen and Honeycombe, 1954) , respectively. Single--crystal deformation stages II and III are marked in the figures. (Franciosi, 1985) and from experiments for Al--3.5% Cu (Carlsen and Honeycombe, 1954) , respectively. Single--crystal deformation stages II and III are marked in the figures. (15): σ ys =(σ 0 /E n ) 1/1--n 3 Young's moduli are for copper (E =110 GPa) and aluminum (E=70 GPa) polycrystals 4 From Eq. (16) 
